Abstract. Let p ≥ 2 and q = 0 an integer. A knot K in the three-sphere is said to be a (p, q)-lens knot if and only if it covers a link in the lens space L(p, q). In this paper, we use the second coefficient of the
our interest to links which arise as covers of links in the lens space L(p, q). Such a link will be called here a (p, q)-lens link.
The two variable HOMFLY (called also, skein and HOMFLYPT) polynomial is an invariant of ambiant isotopy of oriented links, which generalizes both the Alexander and the Jones polynomials, and can be defined by the following :
where is the trivial knot, L + , L − and L 0 are three oriented links which are identical except near one crossing where they look like in the following figure: Figure 1 It is well known that the HOMFLY polynomial [9] takes its values in the ring Z[v ± , z ± ]. However, if L is a knot then we have P L (v, z) = i≥0 P 2i,L (v)z 2i where P 2i,L are elements of Z[v ±2 ].
Knots with free periods were first studied by Hartly [5] who, motivated by a question of R.
Fox, used the Alexander polynomial to provide a criterion for a knot to be freely periodic. The first criteria for periodicity of links using the HOMFLY polynomial is due to Przytycki [10] .
In [4] , we used the first term of the HOMFLY polynomial to find a necessary condition for a knot to be p-freely periodic, for p prime. This criterion was applied successfully to rule out the possibility of being freely periodic for certain knots. The aim of this paper is to extend this criterion to the second coefficient of the HOMFLY polynomial. Thus we shall prove that similar conditions hold for the polynomial P 2,K (v). The proof of our main result is based on the three crucial facts:
• The combinatorial description of lens knots we provided in [1] .
• The techniques developed by Traczyk [14] and Yokota [16] in the case of periodic knots and adapted to freely periodic knots in [4] .
• The formula for the second term of the HOMFLY polynomial introduced recently by Kanenobu and Miyazawa [8] .
An outline of the present paper is as follows. In section 2 we introduce our main results. In section 2, basic properties of freely periodic knots will be summarized. Some properties of the HOMFLY polynomial, needed in the rest of the paper, are given in section 4. In section 5, we shall prove Theorem 2.1. In the last paragraph, our criterion is applied, in the case p = 5, to knots with less than 9 crossings.
2-Results and Applications
Let p be a prime and I F p be the cyclic finite field of p elements. Throughout the rest of our paper we denote by P 2,K (v) p the second term of the HOMFLY polynomial considered with coefficients reduced modulo p. If m and n are two integers then T (n, m) denotes the torus link of type (n, m). Recall here that the number of components of T (n, m) is equal to gcd(n, m).
In particular T (n, m) is a knot if and only if n and m are coprime.
where
This result is more significant for small values of p. Indeed, for such values the generators of the module Γ p,q are easily computed using the formula given by V. Jones [7] for the HOMFLY polynomial of torus knots. This fact is illustrated by the following corollary:
Proof of Corollary 2.2. According to theorem 2.1, the generators of Γ 5,1 are given by P 2,T (α,α±5) (v) 5 for 1 ≤ α ≤ 4. We use the formula given in section 4 to compute the HOMFLY polynomial of torus knots. These generators are given by the list below :
A similar computation can be easily made in the case q = −1.
Remark 2.3. In the case p = 7, the module Γ 7,1 is generated by the two elements: 2v 6 + 3v 
As P 2,
It is worth mentioning that the criterion we introduced in [4] using the first coefficient of the HOMFLY polynomial does not decide in the case of the knot K = 8 13 . Thus, corollary 2.2 is not a consequence of the results we introduced in [4] . More applications are given in the last section of this paper.
3-Freely periodic links
Symmetry of knots and links is a vast subject that has fascinated researchers since the early age of knot theory. Problems as chirality and invertibility have motivated classical knot theory for a long time. Roughly, a knot in S 3 is said to be symmetric if and only if K is fixed by an action of a finite cyclic group on S 3 . According to the set of fixed points of the action, we can distinguish many kinds of symmetry. In this section we focus on the case where the action has no fixed points. We define freely periodic knots then we review some basic properties of this family of knots and links. 
Example 3.2. Let L be the torus knot T (2, 5). It is well known that L can be seen as the intersection between an appropriate three-sphere and the complex surface defined by :
Let us consider the diffeomorphism :
Obviously h satisfies conditions 1 and 2 of definition 3.1. Moreover, one may easily check that
Thus L is a freely periodic knot with period 3.
Remark 3.3. Let p ≥ 2 and q an integer such that gcd(p, q) = 1. Consider ϕ p,q the diffeomorphism given by:
It is easy to see that ϕ p,q is an orientation preserving diffeomorphism of order p and that ϕ p,q has no fixed point. Moreover, we have a p-fold cyclic covering (π p,q , S 3 , L(p, q)). It is worth mentioning that lens links are the only examples we know of freely periodic links.
More precisely we have the following conjecture proved for p = 2 and 3.
Conjecture 3.5 [13] . Let p be a prime and h :
no fixed points. Then there exists
an integer q such that h is topologically conjugate to ϕ p,q .
Let n ≥ 1 be an integer. An n-tangle T is a submanifold of dimension one in R 2 × I such that the boundary of T is made up of 2n points {A 1 , . . . , A n } × {0, 1}. If T and T ′ are two n-tangles we define the product T T ′ by putting T over T ′ as follows:
As in the case of braids we define the closure of T and we denote by T the link obtained from
T by joining A i × 1 to A i × 0 by a simple arc without adding any crossing. Throughout the rest of this paper B n denotes the n-string braid group. It is well known that this group has the following presentation:
For n > 2, the group B n is not abelian. Its center is known to be generated by the element
The following theorem gives a combinatorial description of lens links. 
4-The HOMFLY polynomial
The discovery of the Jones polynomial [7] led to a significant progress in knot theory. The 
Proposition 4.1 [9] . Let L = l 1 ∪ l 2 ∪ . . . ∪ l n be an n-component link then:
Motivated by this proposition, Kanenobu and Miyazawa [8] introduced a similar formula for the polynomial P 3−n,L .
Theorem 4.2 [8] . Let n ≥ 3 be an integer and L = l 1 ∪ l 2 ∪ . . . ∪ l n an n-component link then:
The HOMFLY polynomial of torus knots was computed by V. Jones. To introduce the Jones formula, we find it more convenient to use the polynomial X L (q, t). This is a version of the HOM-FLY polynomial related to P L (v, z) by the variable changes:
Let k ≥ 1 be an integer, we define:
Theorem 4.3 [7] . For the torus knot T (n, m) we have:
5-Proof of Theorem 2.1
Most of the techniques used in this section were first developed by Traczyk [14] to study the HOMFLY polynomial of periodic knots (in some sens this class of knots corresponds to the (p, 0)-lens knots). In this section we aim to adapt these techniques to the case of freely periodic knots. This will be done in two steps. In the first one, we prove that P D belongs to Γ 
It is worth mentioning that if D + is a knot then D − is also a knot. However, D 0 is a link with 2 or p + 1 components. In the case
is invariant by ϕ p,q , the others are cyclically permuted by ϕ p,q . We shall prove by induction on the number of
′ with less crossings than D we have P 2,D ′ ∈ Γ p,q . In [4] , the following lemma was proved:
Lemma 5.1. Let p be a prime. The following congruence holds modulo p: 
Proof: According to lemma 5.1 we have the following congruence modulo p: G and H as follows:
It can be easily seen from Theorem 4.2 that :
By the fact that components D 2 ,D 3 ,. . . ,D p+1 are identical and cyclically permuted by the action of Z/pZ we can write:
Using the fact that λ 1,2 = λ 1,j and that D 1,2 = D 1,j for all 2 ≤ j ≤ p + 1, we get:
On the other hand :
One may check easily that
Therefore: 
Therefore, the second term in the previous identity belongs to the module Γ It remains now to explain how to extract a finite set of generators for the module Γ ′ p,q . Our approach here will be based on some combinatorial elementary properties of torus knots. Namely, we shall adapt the D + ↔ D − operation to diagrams of torus knots. Therefore, an easy induction will end the proof of Theorem 2.1. We refer the reader to [4] for more details.
6-More applications
This section is devoted to some applications of Theorem 2.1. As explained earlier in this paper, we can use the criterion Theorem 2.1 provides to decide if a knot K is not a (p, q)-lens knot. Let us first recall that in [4] , we introduced a criterion for free periodicity using the first coefficient of the HOMFLY polynomial P 0,K (this criterion will be called the P 0 -criterion). In the case p = 5, this criterion writes as follows:
The P 0 -criterion. If K is a (5,1)-lens knot, then P K = a 2i v 2i with a 10k+4 = 2a 10k+2 and a 10k+6 = 2a 10k+8 for all k ∈ Z. Our aim here is to understand how powerful is the criterion introduced in section 2 in detecting free periodicity. Namely, we shall compare the condition obtained in the present paper to the P 0 -criterion. To do, let us apply both of them to the 84 knots with less than 9 crossings. This is explained in the following table where:
The first column gives the prime knot according to the notations used in [12] .
The second column (resp. the third) provides informations about the P 0 -criterion (resp. the P 2 -criterion introduced by corollary 2.2) as follows: D means that the criterion decides that the knot is not a (5,1)-lens knot.
ND means that the criterion does not decide that the knot is not a (5,1)-lens knot.
Knot P 0 − criterion P 2 − criterion Knot P 0 − criterion P 2 − criterion
